A consistent scheme for computation of the Reynolds stress and turbulent kinetic energy budgets is proposed for incompressible turbulent flow simulation using the finite difference method on a nonuniform staggered grid system. The present scheme is derived from the Navier-Stokes equation discretized by using the second-order energyconservative finite differential method. The Reynolds stress and turbulent kinetic energy budgets in a fully developed channel flow computed by using the proposed schemes are compared with those by using the consistent scheme proposed for a uniform grid [Suzuki and Kawamura, Trans. JSME/B, Vol. 60, No. 578 (1994), pp. 3280-3286] and an intuitive scheme. The residuals in the Reynolds normal stress and turbulent kinetic energy budgets computed by using the present scheme and Suzuki-Kawamura scheme are found to be both sufficiently small. We also apply the same idea to the discretization of Reynolds shear stress budget, although the consistency is imperfect, be derived the numerical test shows that the residual is slightly smaller than that computed by the other schemes.
Introduction
Owing to the recent development of digital computer, direct numerical simulation (DNS) and large eddy simulation (LES) have become handy tools to investigate the fundamental turbulent flow behavior. Since the pioneering DNSs by Orszag and Patterson (1) for homogeneous isotropic turbulence and by Kim et al. (2) for a fully developed incompressible channel flow, the spectral method had been the sole method to stably and accurately simulate the turbulent flows without introducing upwinding which introduces numerical diffusion. Use of the spectral method, however, is limited to canonical flows. Thus, a stable and non-diffusive (i.e., energy-conservative) finite difference method (FDM) had been explored for a long time. Although the energy-conservative second-order FDM on a uniform grid had been proposed as early as 1960's (3) , (4) , we had to wait for 30 years for such FDM to be extended to more practical numerical configurations (such as higher order FDMs, nonuniform grid, etc.). Morinishi et al. (5) presented a class of energy-conservative FDMs on uniform Cartesian grids including generalization to higher order FDMs. Kajishima (7) (also Ham et al. (6) and Bewley (8) ) extended its second-order version to a nonuniform Cartesian grid. To date, energy-conservative FDM has been extended to, e.g., the cylindrical coordinates (9) , (10) , arbitrary orthogonal curvilinear coordinates (11) and the low Mach number approximation (12) .
Analysis of the transport equations for the Reynolds stress (RS) and the turbulent kinetic energy (TKE) (hereafter referred to as RS budget and TKE budget, respectively) is useful for the quantification of different dynamical contributions in turbulence (13) . It used be and still is the central issue of turbulence modeling (14) , (15) ; it is also a fundamental tool to clarify the cause of turbulence modification by active control (16) , (17) . For FDM on the staggered grid, however, it is not straightforward to compute each term in RS and TKE budgets. The quantities composing each term are defined at different locations; thus, interpolation is required. In order to perform a reliable analysis, such interpolation should be consistent with the discretized Navier-Stokes equation.
A consistent scheme for computation of RS and TKE budgets in Cartesian coordinates was proposed by Suzuki and Kawamura (18) (see also Kawamura (19) ). They considered the second-order central FDM on a uniform staggered grid and presented a relevant interpolation scheme for the computation of each term in RS and TKE budgets. Although their scheme had much higher consistency than intuitive interpolation schemes, some issues were left: 1) the turbulent diffusion term was left inconsistent; 2) strictly speaking, their scheme is consistent only on a uniform grid. This is natural because, as introduced above, the general framework of energy-conservative FDM had not been developed by the time Suzuki and Kawamura (18) proposed this scheme. By now, the energy-conservative FDM has become mature: it is now possible to construct a consistent scheme resolving the abovementioned issues. The objective of this paper is to propose an interpolation scheme used for the computation of RS and TKE budgets, which is consistent with the second-order energy-conservative FDM on a nonuniform staggered grid system (6) - (8) . As introduced below, the discretization schemes for the RS and TKE budgets can be derived from the energy-conservative FDM (6) - (8) .
Although the basic idea is straightforward, to the best of authors' knowledge such schemes are not available in literature, possibly because it needs an extensive amount of calculation in their derivation. The main purpose of this paper is to present such discretization schemes for the RS and TKE budgets on a nonuniform grid. The paper is organized as follows. In Section 2, we review the energy-conservative FDM and the derivation process of RS and TKE budgets in continuous space, which are the bases of the present derivation. In Section 3, we propose the consistent scheme for RS budget; a relevant definition for TKE is also proposed by using the volume average, The proposed scheme is then tested in Section 4 by DNS of a fully developed turbulent channel flow: the RS and TKE budgets computed by using the proposed schemes are compared with those computed by using the existing consistent schemes (18) and the spectral method (20) .
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where Re is the Reynolds number. For notational convenience, x n and u n (for n 1...3) are interexchangably used to denote the directions (x, y, and z) and the velocity components (u, v, and w), respectively. Figure 1 shows the schematic of the nonuniform staggered grid system (two-dimensional view, for simplicity). The velocities and the pressure are defined at the cell surface and the cell center, respectively. The first and second derivatives are discretized, e.g., as
where the subscripts i, j, and k denote the stencils in x, y, and z directions, respectively. Equations (1) and (2) discretized by using the second-order energy-conservative FDM (6) - (8) 
Here, the overbar and pq denote the arithmetic and volume-flux averages (9) , respectively.
These are defined, e.g., as
and
where the superscripts (x, y, and z) denote the direction of interpolation. The discretized advection term has been verified (6) - (8) to be momentum-and energy-conservative (strictly speaking, squared-value-conservative) given that the discretized continuity equation is satisfied. Thus, the discretized equations (5) and (6) conserve not only the mass and momentum but also the total kinetic energy in the inviscid limit.
Reynolds stress and turbulent kinetic energy budgets
The derivation process of the Reynolds stress budget in the continuous space can be summarized as follows: 1) apply the Reynolds decomposition to the velocity and pressure, i.e., u n U n u 1 n and p P p 1 (where the capital letter and the prime denote the mean value and the fluctuation, respectively) and substitute them into Eq. (2); 2) subtract the transport equation for mean velocities; 3) multiply 2u 1 ; and 4) take the ensemble average. The resulting transport equation for RS reads
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where the angle bracket denotes the ensemble average. The first and second terms in the left-hand-side (LHS) are the unsteady term and the mean convection term pC nm q, respectively. The right-hand-side (RHS) terms are the production pP nm q, turbulent diffusion pT nm q, pressure diffusion pΨ nm q, pressure strain pΦ nm q, viscous diffusion pD nm q, the viscous dissipation pϵ nm q,
i.e.,
where Einstein's summation convention holds for the dummy index k. The TKE is a sum of Reynolds normal stresses, i.e.,
and the TKE budget reads
Each term in RHS is a half of the summation of the three normal components of the corresponding term in the RS budget, e.g., P K 1 2°3 n1 P nn .
Consistent scheme for Reynolds Stress and turbulent kinetic energy budgets

Discretization of Reynolds normal stress budget
We define the Reynolds normal stress component (xu 1 n u 1 n y, n 1...3) on each cell surface where the velocity component u n is defined. Hereafter, we omit the angle bracket of the ensemble average for notational simplicity. The discretized terms composing the RS budget can be derived in the same manner as we derived the RS budget in the continuous space. First, u 1 n is multiplied to the discretized x n -momentum equation. The u n -multiplied terms are then divided and/or merged to have the similar mathematical forms as those in the continuous space. At this step, the relevant interpolation schemes are used so that unwanted terms properly vanishes under the discretized continuity. The detailed derivation process is given in Appendix A, by taking the production and turbulent diffusion terms for examples, to which interested readers are referred.
As the result, the consistent discretization of RS budget can be expressed as
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where the tilde and the hat denote the squared value and volume weighted average defined, e.g., as p4q
δ δy
The f 1 and g 1 are arbitrary values. It should be noted that the volume weighted average (27) is different from the volume-flux average (8): the former uses the weight of volume regardless of the directions of velocity and interpolation, while the latter does not. The difference from the existing schemes is clear from comparison with formula presented in Appendix B. Note that the viscous diffusion and dissipation terms, Eqs. (24) and (25), are identical to those presented by Kajishima (21) .
Discretization of turbulent kinetic energy budget
The discretized TKE has conventionally (5), (6) been defined by the arithmetic average at the center of the cell, i.e.,
where the summation convention holds for the dummy index n.
Discretized of Reynolds shear stress budget
We define the Reynolds shear stress (RSS, n m) on the center of the cell. The discretized time derivative term is expressed as
Here, the first and second terms in RHS represents the contributions from u 1 n -and u 1 m -momentum equations, respectively. The discretized RSS budget based on Eq. (29) can be expressed as
Because the energy-conservative FDM ensures the conservation of the TKE (i.e., K) but not of RSS commutation errors remain in convective, the turbulent diffusion, the viscous diffusion, and the viscous dissipation terms. While the different definitions of the RSS can be considered due to the staggered grid system, we found that with the other definitions induce the residual which is larger than that by the presented scheme.
Numerical test
Validity of the proposed scheme is examined in a fully development turbulent channel flow under a constant mass flow rate simulated by using the DNS code of Fukagata et al. (22) .
The flow geometry is shown in Fig. 2 . Periodic condition is employed for homogeneous (x and z) directions and no-slip boundary condition is employed at the walls. Uniform mesh is used in x and z direction, while nonuniform mesh is adopted in the wall-normal (y) direction.
The bulk Reynolds number is Re b 5600 based on the channel half-width and the twice bulk velocity, which corresponds to the friction Reynolds number of Re τ 180. The simulations are started from a fully developed channel flow. The RS and TKE budgets are computed by averaging over the homogeneous direction. The temporal average is taken in the period of t 0 to t 4000 (about 4000 samples), where the subscript of denotes the wall unit. Figure 3 shows the profiles of different terms in the RS and TKE budgets computed by using the present scheme (top), Suzuki and Kawamura (SK) scheme (18) (middle), and the intuitive scheme (18) (bottom). SK scheme is the consistent scheme on the uniform and staggered grid system (see, Appendix B. 1). The intuitive scheme is a scheme with "intuitive" discretization (see, Appendix B. 2). The symbol represents the budgets computed using the spectral DNS data (20) . Due to this flow geometry, the convective term and the gradient of homogeneous directions in Eqs. (19)- (25) and Eqs. (30)-(36) vanish. As is clear from the figure, the budgets computed by the present scheme agrees well with those of the spectral method. The intuitive scheme results in non-negligible residual due to the inconsistency. The residual of the present and the SK schemes are found to be negligibly small in the Reynolds normal stress and the TKE budget (Figs.3(a)-(d) ). Because the mesh expansion rate in the wall-normal direction used in the present DNS is small, the difference between these two results are small. Figure 3 (e) shows the RSS budget. The budget computed by the present scheme are in reasonable agreement with that computed by the spectral method. The residual found to be slightly smaller than that by the SK and the intuitive schemes.
Conclusions
A numerical scheme for the computation of Reynolds stress budget which is consistent with the second-order energy-conservative finite difference method on the nonuniform and staggered grid system has been proposed. Validity of the proposed scheme has been confirmed in direct numerical simulation of a fully-developed channel flow: the residuals in the Reynolds normal stress and TKE budgets are found to be smaller than those computed by the intuitive schemes. The residual computed by the existing scheme, which is discretized on uniform grid system, is also small. We also apply the same idea to the discretization of Reynolds shear stress budget, although the consistency is imperfect, be derived the numerical test shows that the residual is slightly smaller than that computed by the other schemes.
Appendix A: Derivation of consistent scheme
In this Appendix, we show the detailed derivation process of the present consistent scheme. For brevity, we take the production and turbulent diffusion terms in RS budget for JSME Technical Journal Vol.1, No.1, 2007 example. We also assume two-dimensional flow in x y plane for notational simplicity. Extension to three dimensional case is straightforward and the other terms can be derived in the where the index for stencil (k) is omitted.
First, the production term is considered. The first term of RHS of Eq. (A.1) becomes
where the identity equations, e.g.,
have been used. The first term of Eq. (A.2) is the production term. The second term vanishes due to the continuity in two cells sandwiching i 1{2, j because a similar term (i.e., r2u 1 Uδ u u 1 y {δxs i 1{2, j ) is derived from the x-derivative component of the advection term.
Second, the turbulent diffusion term is considered. The second term of RHS of Eq. (A.1) becomes
The first term of RHS is the turbulent diffusion term; the second term vanishes due to the continuity similarly to above. The consistent scheme proposed by Suzuki and Kawamura scheme (18) reads
where the RS is defined on the cell surface. Note that the turbulent diffusion term, Eq. (B.2), does not hold a consistency even on the uniform mesh. The TKE is computed by using arithmetic average at the center of the cell similarly to Eq. (28). They also proposed the consistent scheme for RSS defined at the cell center reads (18) ; and (bottom) the intuitive scheme (18) . The symbols represent the results by the spectral method (20) . The red thick lines and ◃ are the residuals computed by these schemes and the spectral method, respectively. 
B.2. Intuitive scheme
The intuitive scheme (18) reads and the RS is defined at the cell center. Because they presented the pressure-oriented terms altogether as the velocity-pressure gradient term, Π nn , we instead used Eq. (22) and (23) for computation of the pressure diffusion and the pressure strain terms of Fig. 3 . The TKE is simply defined as the summation of Reynolds normal stresses defined at the center of the cell.
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